Notes for Lecture 12 Wed, 9/18/2024

Example 65. (review) Solve the initial value problem %:xy, y(0) =3.

Solution. We separate variables to get ldy =xdx.

Integrating both sides, we find In(y) = —a: + C. (Since y = 3 in the initial condition, we don’t need to write
In|y| because we have y >0 around the |n|t|al condition.)

We can then find C' by using the values =0, y =3 from the initial condition: In(3) —— 02+ C. So, C=1In(3).
We now solve In(y) = —x2+ln(3) for y to get y(x) —621’ *+1n(3) _ g,3%°

Alternatively. We could have also first solved for y and then determined C with the same result.

Logarithms

Review. In(z) =log.(z) is the inverse function of e”. In other words, for all real z,
In(e®) =x.

Similarly, (@) — 2 for all > 0.

Likewise. log,(x) is the inverse function of a® (where a is called the base).

d 1
o —In(z)=—
dz () x
Why? Start with !"(*) = 2 and differentiate both sides to get ¢/ (*). In’(z) = 1. It therefore follows
that In/(z) =

(@) z°

Note. We also have %ln(—az) = _Lx -(—1) :% for x < 0. Together, this implies the next entry.

. /ldlen]:v\+0
T

The following observation allows us to convert other bases to the natural base e:

(other bases) a” — ()" and log, (z) — 2.

Why? a® =" (@)7 follows be writing a® = e™(¢") = ¢%17(4)  Can you see how logg(x) = EEZ;

Alternatively, the defining property of log, is that log,(a®) = xz. Because In(a®) = xIn(a) we see that
flx)= ln(w also has the property that f(a®)=uz.

follows from this?

Example 66. Compute %loga(a:).

In(x)
In(a)

Solution. It follows from log,(x) =

that dz loga(x) = m

Example 67. Compute %2‘” and /2xda:.

Solution. Write 2% = ¢(2") = ¢#1n(2) o see that diT’ = In(2) e*'"(2) = In(2) 2% and, likewise, /ZIdx =
mln(2) +C= 27 +C. z
()" In(2)
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Example 68. Rewrite 2"(*) as a power of .

Solution. We use the same “trick” as in the previous example (applying e (*) to the expression) to get
21n(m) _ eln(21“<"’)) — eln(m)ln(2) _ (eln(w))ln(Z) — mln(2).
Alternatively. Since In(x) =1In(2)loga(z), we have 2" (%) = 2n(2)log:(z) — (gloga(w))In(2) — 4In(2),

21n(a:)

dz.
22

Example 69. Determine/

Solution. By the previous example,

2in(@) In(2)—2 1 In(2)—1

4
Example 70. Determine /%da}

Solution. We substitute u=1In(z) in which case du:%d:c (so that the % in the integrand will cancel out), to get

4
/(lnx) x:l/u4du:li5u5+czli5(lnx)4+C.

3x 3
Example 71. Determine /de
rlnz

Solution. We substitute u=In(z) in which case du = %dm (so that the % in the integrand will cancel out). Since

/ln(ln:z:)d _/lnudu.
zlnz U

In the new integral, we substitute v =1In(u) with dv= %du to get

/ln(lnm)dx:/lnudu:/vdv:%v2+C:%(lnu)2+C:%(ln(lnx))2JrC.

zlnz U

2
Example 72. Determine / 37 %dx.
0
Solution. Write 377 =¢2(37") — ¢=2In(3) 5 see that

/jgﬂdm - {_ng)e—m(?’)ﬁ— [—ﬁi””ﬁ :ﬁ(l —372) :91%(3).

Example 73. Determine /@dx.

Solution. Since logs(z) = ln(w), we find that /IOg;(m)dx = ln%?)) / lns(cx) dx.

We now substitute ©u=1In(z) in which case du= %d:c (so that the % in the integrand will cancel out). Since

/—ln(m)dm:/udu:%uQ-l-C:%(ln(x))Q"i_c’

x

we get that / g3(m)d = (3)/1ﬂ(9@)

is some constant).

j (In(x))%+ B (where B =

~ 2In (3 o)
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