Midterm #3 — Practice Midterm: Tharsday, Nov . 12

Please print your name:

Bonus challenge. Let me know about any typos you spot in the posted solutions (or lecture sketches). Any math-
ematical typo, that is not yet fixed by the time you send it to me, is worth a bonus point.

Reminder. A nongraphing calculator (equivalent to the TI-30XIIS) is allowed on the exam (but not needed). No
notes or further tools of any kind will be permitted on the midterm exam.

Problem 1. Go over all the quizzes since the last midterm exam!

To help you with that, there is a version of each quiz posted on our course website without solutions (of course, there are solutions, too).

Problem 2. Determine the Taylor polynomial of order 3 for f(x)=+x+2 at 2 =2.

Solution. By definition, the Taylor polynomial in question is given by

3 (n) " "
Z f !(2) (x—2)"=F(2)+ f(2)(z —2) + f 2(!2) (z—2)%+ / 352) (z—2)3
n=0

n

Clearly, f(2)=+/4=2 and we to compute the other values f(™(2) as follows:

! —l($+2)_1/2 so that f/(2) =

A N

| =

1
2v4
1 1 1

" 77l —-3/2 " _ — _
o f(x)= 4(x+2) so that f”(2)= TP 13- 3

3 1 _ 3 _ 3 3 3
° f///(m) = (—5) . (_Z>($+2) 5/2 :§($+ 2) 5/2 so that f///(2) _ . .45/2 _ ) :ﬁ-

The Taylor polynomial therefore is

£2)+ £12)(x —2) +@(az _9)2 +@(:c _9)—2 —&-%(9& _9)— 6—14(1: _9)2 +5—12(1: _9)3,

Problem 3. Determine the following limits or state that the limit does not exist.

. 1+log(n) . (5n%+1)2 . 3n—2log(n)
R N e R T (&), 2l (n)
. . 5+ 3n? .9 3" s on /o2
L 2 2 h) 1 3 1
o) i sin ) © jm 5 ) Jim VT
. 2 — Tn? . 3—2log(n) - 1"
_c- o2 =oen) 1 11—~
() 'n,ll»n;o n(1+5n2) ®) 'n,li»n;o 4 + 2log(n) ) o 2n
Solution.
(a) lim 1+log(n) 0 because n®/? grows much faster than log(n).

n—s 00 1+n3/2

If we don’t see this, we can apply L’Hospital to arrive at the same conclusion.
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2
(b) lim sin Dot ) _ sin 3 (because the dominant terms are 3n? :i).
n—00 V1+2n4 V2 Vani | V2

_7n2 "
m =0 (because the dominant terms are nl: - )

2
() nlggo n(1+ 5n?)

-5n? Bn’’
2 2 2
(d) nhﬁn;o % = % = ? (because the dominant terms are (53"—7:4)2 = %2)
. 543"
(e) lim oy =

You should be able to see this limit because 5 grows more rapidly than all the other terms.

If we are unsure, we can divide top and bottom by 5™ (that doesn’t change anything):

3\n
e 14 ()

li _
n1—>H;o 4n—1 n— 00 (_)"_i o0
5 5
because (%)”, (%)" and 5—1n all approach 0 as n — oco.
. 3—2log(n) -2 . —2log(n) _ —2
() nl:rr;o T 2loa(n) 2los(n) == 1 (because the dominant terms are T 2los(m) _7)

. 3n—2log(n) 3 . 3n _ 3
(g) nlﬁmm— 1 (because the dominant terms are —=7).

(h) lim %/3n%+1= lim exp(In((3n>+1)*/")) = lim exp(—ln(?m + 1)) =exp(0)=1

n—oo n—00 n— o0

At the end, we used that lim —ln(3n +1)=0. We can see this because the dominant terms are iln(3nz) =

—ln(Sn) and we know that n grows more rapidly than the logarithm. Alternatively, we can use L’Hospital
1
-6n
because the limit is in the indeterminate form “==: li M . lim 32£1 = lim 6n
n— oo n n— oo n— oo 3n2+1
(i) lim 1—i ": lim exp| In 1—i ' = lim exp| nln 1—i = 1/2
1 1
. 1 . In(1-5-) ta — (=)
In the final step, we used that lim nln( 1 — 5= lim ——222 = lim —2* = —3
n— oo n n— oo — n— oo J——
n2

Problem 4. Determine whether the following series converge or diverge. In each case, indicate a reason.

> 7\/n +log(n) = n—4yn 1-3yn
(2) Y g (c) Zlm Z T16yn

n=2
Oy @ Y 2 0> 4

n=2 n=1
Solution
7/n +log(n) . . . . = 3
(a) Zl T converges by limit comparison with the converging p-series Zl 7 (because p=5> 1).
n= n=

i do not converge to 0 as n— oco.
10log(n)
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o0 _4 oo
(c) Z:l nZ—l—l—()?of/(_% diverges by limit comparison with Z %, which is the harmonic series and diverges.

n=1

(o]
(d) Z ?ﬁif converges by limit comparison with the converging p-series Z % (because p=3>1).

n=1 n=1

(e) Z T 2? diverges because 6? 7%7& 0 as n— oo.

oo \n n
(f) Z 7(n24—|)— T diverges because the terms 7(n2—4—&)—1 do not converge to 0 as n — oo.
n=0

Problem 5. Determine whether the following series converge or diverge. In each case, indicate a reason.

If a series converges, further state whether it converges absolutely or only converges conditionally.

@ 3 (-)ryw © > G Z

n=1 n=0 n=0

4” n2

=
NE
0
L
=

=
8
=

=
NE
22

3
Il
=]
3
Il
=]
3
Il
=]

(a) Z (—=1)™\/n diverges because (—1)"/n -0 as n— oo.

> n
(b) Z =Dt converges conditionally, because:

o0

diverges by limit comparison with the harmonic series Z —, and
n

[ )
1]
i‘
| =
+
w

n=1

oo
(=)™ . . . 1. .
° ——~— converges by the alternating series test (since is positive and decreases to zero).
; == ges by g (since ———is p )
c) Z T3 converges absolutely because Z P converges (by limit comparison with the p-series Z F)
n=0 = n=1
(d) i g b n 0
——— diverges because ———-»0 as n— oo.
= Anvn2 43 47\/n2+3

I 1 (—=1)"
e) The series E ———— converges by comparison with E —. Hence, E ——2_ converges absolutely.
© n=0 4n\/n2+3 8 Y 4”\/712—+3 & Y

n?+

oo n

converges absolutely. In fact, we know that Z —'z

3|t\>

Z
(i

we don’t recall this, we can quickly use the ratio test.)

Problem 6. Compute the following series (or state that it diverges):
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oo 6 n e’} 4 —9n o) A9
g () ; 3n (c) ; o
Solution.
> 4n — 6. 2" e 4\" el 2\" 1 1
n=0 n=0 n—0 = =
—4-2" o~ (1) o (2) 1 1\° 1 2\0 3
(b); 3" _4; <§) _,Lzz:l(g) _4<1—§_(§>>_<1_§_<§)>—4<§—1)—(3—1)—0

(c) Z 1 3; 2 diverges because lim 4—_200 (instead of 0).

n—oo 3”

Problem 7. For which values of x does Z (_1)3—24_1

converge? Compute the series for these values.

Solution.

= 4l = (1) = 1
Z = ZTJFZ:ﬁ

n=2 n=2 n=2

3 3
n=0 n=0
[if |—z/3]<1] = - (%) ((_§)0+(_ )1>+ il_<1+%)
3
_ ﬁ—1+§+%— —:13
- 3ix+§_%

In particular, the series converges provided that |-z /3| <1, or, equivalently, |z| < 3.

Comment. You could have also used the ratio test to determine convergence. In this case, this is not necessary
because the series is a combination of two geometric series.

Problem 8. Determine the radius of convergence of the following power series.

oo oo oo
nl(x+1)" (5bx —2)" (2n) n
(a) 1;2 o (b) n; = (c) 1;) )
Recall that (2:) = (j!"n)!!
Solution.
| n
(a) We apply the ratio test with a, :%
1| _|(n+ D@+ 10" |zt (n+1)! |z +1 .
an | 10n+1 n!(z+1)" 10 n! | 10 (n+1) =00 as n— o0 (unless »=—1)
The ratio test implies that Z dlverges if x#—1.
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Therefore, the radius of convergence is 0.

(b) We apply the ratio test with a, :%.
any1| [z =2)"T1  n3" | |5z—2| n 5=
an | |(n+1)3"tL (5x—2)"| | 3 |n+1 3
-2

0 __9\n
The ratio test implies that Z % converges if ’5$

3
5°

3 ‘ < 1. To focus on x, we can rewrite this as

n=1

|52 — 2| < 3 or, equivalently, |:c

<<
5

In this latter form, we see that the radius of convergence is %

|
(c) We apply the ratio test with a,, :%x”
Gn41 (2n+2)lz" 1 nin! | (2n+1)(2n+2) x| as n— oo
an, (n—|—1) (n+1)! (2n)lam (n+1)(n+1)

|
The ratio test implies that Z ) x™ converges if 4|x| <1 or, equivalently, || < -

1
As such, the radius of convergence is 7.

(x —2)"

Problem 9. Consider the power series Z n5_n

n=1
(a) Determine the radius of convergence R.

(b) What is the exact interval of convergence?

(c) Let f(x i 0 " for  such that |z — 2| < R. Write down a power series for f'(z).
n=1
Solution.
(a) We apply the ratio test with a, = n53n (x—2)™
azzl (pt1)- 3;:J1r(1$ — 2)"+1 ' n-3”(59:— 2)7 =§|$ -2 n:; ! —’%‘x — 2| as n— 00

> n-3n
The ratio test implies that Z

n=1

(x —2)™ converges if %|x —2| <1 or, equivalently, |z — 2| <§ .

. . 5
Therefore, the radius of convergence is 3

(b) We already know that the ser1es converges if |x — 2| < , that is, if z€(2— 2 +5 ) We also know that the
series diverges if |z — 2| > ~. What we don’t know yet 1s whether the series converges at the endpoints of the
interval. We still need to thlnk about the cases x =2 :l:—

o0 n n o0
o r=2-— %: in that case, the series is Z 715—3 <_§> = Z n-(—1)". This series diverges because the

n=1 n=1

terms n - (—1)™ do not converge to 0 as n— oo.

[ > .aQn n e
e =2 —l—%: in that case, the series is Z nE)—s (%) = Z n. Again, this series diverges (the terms n do

n=1 n=1

not converge to 0).
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In conclusion, the exact interval of convergence is (2 — %, 2+ %) = (%, %)

.3n o0 2. 9n
= n53 n(:zc—2)"_1zz n5n3 (x —2)n—1
=1

n=1

&l

0o (n + 1)2 . 3n+1
Optional: By replacing the index n with n + 1, we can rewrite this as f'(z) = Z TR (x —2)™
n=0
Problem 10. Consider the power series Z T x—1)"
(a) Determine the radius of convergence R.
(b) What is the exact interval of convergence?
(c) Let f(x Z — (x —1)" for x such that |z — 1] < R. Write down a power series for f’(z).

Solution.

n

(a) We apply the ratio test with a, :% (z—1)™

n+1
On+l1| _ 3 (:p—l)""‘LL =3z —1] L—>3\x—1| as n— 0o
an Vn+1 3@ —1)" n+1

The ratio test implies that Z \/_ — 1)™ converges if 3|x — 1] < 1 or, equivalently, |z — 1] <% .

. . L1
In particular, the radius of convergence is .

(b) We already know that the series converges if | — 1] < =, that is, if z€ (1—2,1+ % ) (g, 4) We also know

that the series diverges if |z — 1] > . What we don’t know yet is whether the series converges at the endpoints

of the interval. We still need to thmk about the cases x —g and x = g

3TL
\/_

e 1r=—:in that case, the series is Z

n o0
3 ( 3) g T This is the p-series with p—— which we know

n=1

diverges (because p= 5 <1).

n n > _1\n
e 1= 3 : in that case, the series is Z \?}_ (—%) = Z % This is the alternating p-series with p:%

which we know converges (because D —5 >0).

n=1

(We can use the alternating series test if we don’t recall this fact about alternating p-series.)

. . .12 4
In conclusion, the exact interval of convergence is [Ea 3)

Z—nw—l n=l= Z\/ﬁ?)"x—l)

Optional: By replacing the index n with n+ 1, we can rewrite this as f'(z Z V13"t (e —1)"
- 1
Problem 11. Using the integral test, determine whether the series Z ————— converges.
= n (log n)3/2
1 . . . > dx
Solution. By the integral test, the series Z —32 converges if and only if the integral —————57; con-
“= n(logn) / o z(logx)3/
verges.
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First, however, we should verify that the integral test indeed applies: the function a 7 73 is obviously positive
z(log

and continuous for x > 2. It is also decreasing, because x (log :C)3/ 2 clearly increases.

Upon substituting u =log x, we find that

Fater Ll
2 w(logz)®? Jiogyu?? | ul/? fiog(e)

2 (oo}
is finite because lim [ ———= | =0. Therefore, the series —————— converges.
u%oo( u1/2> 7;2 n(logn)3/2 &
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